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Abstract 
Vanden Berghe, G. and H. De Meyer, On a correction of Numerov-like eigenvalue approximations for 
Sturm-Liouville problems, Journal of Computational and Applied Mathematics 37 (1991) 179-186. 
For computing approximations for the eigenvalues of Sturm-Liouville problems, Numerov’s method and other 
finite-difference methods are often used, giving rise to an algebraic eigenvalue problem of which the smallest 
eigenvalues approximate the fundamental eigenvalue and the first few harmonics of the original problem. 
Recently the authors have derived a modified Numerov method with step-dependent coefficients, which 
integrates exactly the functions 1, x, x2, x3, sin kx and cos kx. The parameter k is calculated by minimizing the 
error term associated to the above modified multistep method equation. We shall show that this modified 
Numerov method delivers much more accurate eigenvalues than the classical Numerov method which is based 
on a same grid pattern. Several numerical experiments will be presented. 
Keywords: Sturm-Liouville problems, modified Numerov method. 
1. Introduction 
There has been much interest in problems requiring efficient and accurate computation of a 
large number of eigenvalues for differential equations of the form 
( PY’)’ - CY = - XP_YY U.1) 
where p, r and p are real functions of x. The problem of solving this equation with regard to the 
boundary conditions 
W’(4 + WW = WV) + WU4 = 0 
or 
A4 =_YW, PmY’b-) =P@)Y’w? 
is called Sturm-Liouville’s problem. 
0.2) 
(1.3) 
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The most widely used methods for solving (1.1) in combination with (1.2) or (1.3) - i.e., the 
usual shooting methods, finite-difference and finite-element methods - art based on approxi- 
mations of the eigenfunctions by (piecewise) polynomials. In finite-difference and finite-element 
methods the eigenvalues X, < X, < X, < - . . of (1.1) are approximated by the eigenvalues 
AY’ < A(J) < A(;) < . . . of an algebraic eigenvalue problem of order n. It is well known that the 
error ]A([)-Ahk], k=l,..., n, increases rapidly with k. Much recent effort has been devoted to 
finding more uniformly valid approximations. Paine et al. [ll] and Andrew and Paine [6] have 
shown, respectively in the case of a second-order centered finite-difference method with uniform 
mesh and in the case of the Numerov method, that for Liouville problems converted in normal 
form, i.e., 
-y” + 4y = xy, 
where q is a real function of x with essential boundary conditions of the type 
(1.4) 
Y@) =Yw = 0, (1.5) 
a kind of asymptotic correction to the h(L), k = 1,. . . , n, can be introduced, which improves the 
numerical values dramatically. The idea is that the error in the estimates obtained by these two 
types of methods is not very sensitive to changes in the function q(x). Since the error, when q is 
constant, can often be calculated in closed form, this known error may be used to correct the 
error with general q. This analysis has been extended succesfully to more general boundary 
conditions than (1.5) and also to finite-element methods [l-6]. Chawla and Katti [7] have studied 
another class of eigenvalue problems related to the general problem (l.l), i.e., equations of the 
form 
y”= -Asy, y(u) =y(b) =o, (1.6) 
where s is a real function. Besides Numerov’s method a fourth-order method, giving rise to an 
algebraic symmetric five-diagonal matrix eigenvalue problem, has been introduced. Alternatively 
the same kind of problem has been tackled by Collatz [8], by applying an extended version of the 
so-called inclusion theorem. 
2. The algorithm 
In the present paper we introduce for the determination of the eigenvalues of the equations of 
the type (1.4)-(1.6) a modified Numerov integration method where the eigenfunctions are no 
longer approximated by a polynomial form only, but by a mixed interpolation function of the 
form 
q-2 
a cos(kx) + b sin(G) + C c,xi. 
i=O 
(2.1) 
These interpolants have been studied in detail by the authors elsewhere [9]. It is shown that the 
parameter k can be related to the period of the eigenfunction, with the restriction that k # l~/h, 
Z=l, 2,... . The error term related to such an approximation can be written down in closed 
form and has been discussed elsewhere [lo]. These interpolants have been used to construct 
modified Newton-Cotes quadrature rules [14], which reproduce more accurate results than the 
G. Vanden Berghe, H. De Meyer / Eigenvalue approximation for Sturm-Liouville problems 181 
classical Newton-Cotes rules, especially when the integrands have a periodic or quasi-periodic 
behaviour. In an analogous way modified multistep methods of the Adams-type have been 
developed [15]. The above-mentioned modified Numerov method, derived in [13], when applied 
to a general second-order differential equation of the type y” =f(x, y), has the general form 
vp+1- 2&J +vp-1= h2 [ (A+, +fp-1) 2(1 _ios 0) - $) +fp( $ - i cos f31 -cos 8 11 ’ 
O=kh, PER, (2.2) 
with h the step-length and f, = f ( xp, y( x,)). The corresponding error term can be written as 
1 
2(1 - cos 0) 
- -+2y”(?) +y”‘(q)), 8 E lR 3 P-3) 
with xP_i < 17 < xP+i. 
By (2.2) with uniform mesh length h := a/( n + 1) for problems of the type (1.4) (1.5) or 
h := (b - a)/( n + 1) for problems of the type (1.6), hi,. . . , A,, are approximated by the eigenval- 
ues 2:“’ < . - . -c _Zy) of the generalized algebraic eigenvalue problem 
- Av + BsQv = 2B,Jv, (2.4) 
where A := (a, j) is symmetric tridiagonal with 
2 1 
a,, := - 2) 
h 
i= l,...,n, ail+1 = 2’ 
h 
i=l,...,n-1, (2.5) 
and where B, := ( bjj) is also symmetric tridiagonal with 
2 cos e 
6, := 82 - 1 _ cos 0 ) i=l,...,n, 
(2.6) 
bii+l = 
1 1 -- 2(1_cos8) e2y i=l,...,n-1. 
Furthermore, for problems of the type (1.4) (1.5), 
Q:=diag(q(x,) ,..., q(xn)), with x;:=jh, j= l,..., n, 
and S is the identity matrix. For problems of the type (1.6) 
Q=O 
and 
S:=diag(s(x,) ,..., s(x,)), withxj:=a+jh, j=l,..., n. 
For the determination of possible acceptable k-values, the following algorithm can be followed. 
If nothing is known about the period of the eigenfunction corresponding to a certain eigenvalue, 
we propose to solve the problem numerically either with the classical Numerov method, or with 
(2.2) where a fixed arbitrary k-value is withheld. For the k th approximated eigenvalue one can 
easily construct by an iterative procedure the corresponding numerical eigenvector v. Once these 
values are available, a more exact approximation of the k th eigenvalue and its corresponding 
eigenfunction can be obtained by using (2.2) with a numerical value k; for k2 which ensures that 
the expression 
kiyi”( x,) + y’i( x,) (2.7) 
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vanishes in the grid point xp. The fourth- and sixth-order derivatives are obtained by successive 
differentiation of the expression for y” (i.e., (1.4) or (1.6)). The expression (2.7) can then be 
expressed in terms of y( xp), y’(x,) and the values of the derivatives of q(x) and s(x) in the 
mesh point xp. The first derivative is determined numerically by 
Y’b,) = 
Yb,+d -Yb,-1) 
2h * (2.8) 
The y(x,)-values are approximated by the derived components up of the eigenvector V. In this 
way the error term (2.3) becomes approximately zero; this ansatz does not exclude negative 
values for the [kp’12. In that case, kp (n) becomes a purely imaginary number. In order to keep all 
function arguments in (2.2) real, it is sufficient to replace systematically the cosine function by its 
hyperbolic equivalent. Since in the evaluation of kr’ by (2.7) and (2.8) one does not use the 
exact y,-values, but the approximations up, one still can expect a step-dependent error for the 
eigenvalues Z’, “(n) determined with these variable values of kp (“). Other authors have considered 
interpolation functions of the form 
M 
C u,xm exp(ikx), i2 = -1. 
m=O 
See [2,9,13] for some references. 
3. Numerical experiments for problems of the type (1.4), (1.5) 
Paine et al. [ll] have demonstrated that the general eigenfunction of (1.4) (1.5) corresponding 
to an eigenvalue A,, I= 1, 2,. . . , is given by 
J+(X) = C, sin lx + fJX(12 - A,+ q(t)) sin 1(x - t)y( t) dt, 
0 
l=l, 2,3 )...) (3.1) 
where, since y, is arbitrary up to a scalar multiple, we can set C, = 1, I= 1, 2, 3,. . . . Since 
/( 
x l2 - A, + q(t)) sin 1(x - t)y(t) dt = @(I-‘), (3 -2) 
0 
the sine function approximates y(x) to the first order of I-‘. Since (2.2) integrates exactly 
sin kx, k arbitrary and real, one can expect that (2.4) yields satisfactory approximations for the 
1 th eigenvalue A, when we choose 
k=l, l=l,2,3 )... . (3.3) 
Let us remark that with this choice for each eigenvalue a different set of difference equations is 
required. This substantially increases the amount of computation needed if many eigenvalues are 
wanted. However, an appropriate determination of k values by minimizing the expression (2.7) 
and by this the local error term (2.3) can yield more accurate eigenvalues than those obtained 
with fixed integer k-values. In order to facilitate comparison with the results based on asymptotic 
corrections with respect to the classical Numerov method [5], we choose the q function equal to 
eX. In Table 1 we compare for n = 39 the corrected A:(,“)-values of [6], our Zp)-values obtained 
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Table 1 
Errors (X 103) in various estimates for q(x) = ex 
k 
1 
2 
4 
6 
8 
10 
12 
14 
16 
18 
20 
A, (A, - A’,39’)103 (A, - q?‘)lO (A, - Z~39’)103 @-fVjs)) 
(A, - zi?‘) 
4.8966694 0.0027 0.0019 0.0000 1.421 
10.045190 0.0325 0.0215 0.0000 1.511 
23.266271 0.2317 0.1717 0.0000 1.349 
43.220020 0.5820 0.4715 0.0027 1.234 
71.152998 1.0913 0.9028 -0.0138 1.208 
107.11668 1.7778 1.4860 - 0.0290 1.196 
151.09604 2.6709 2.2331 - 0.0673 1.196 
203.08337 3.8153 3.2023 - 0.0103 1.191 
263.07507 5.2781 4.4367 - 0.1343 1.189 
331.06934 7.1615 6.0047 - 0.1434 1.192 
407.06524 9.6248 8.0476 - 0.0538 1.195 
with integer k-values and the ec’ -values, where we have applied the k’“’ determination 
c-59, described in Section 2. From the results in the last column it is clear that the 2, results have an 
accuracy comparable to the one reached by Ak . “(39) For both approximations one can prove that 
the error is of the order 0(k3h4) [5,12]. One can also remark that the -Y?i3’)-values derived with 
variable k’s have the highest accuracy. In Table 2 we give the values of some calculated Kp’s in 
several grid points and for several values of k. The numbers with a *-sign are pure imagmary. 
For small k-values (k < 7) these k numbers deviate seriously from their fixed integer equiv- 
alents. For higher eigenvalues the k’s are continuously varying with respect to the mesh points. 
Their values remain close to the integer fixed values. 
Further theoretical analysis is required to determine whether the conclusions suggested by our 
numerical results concerning the accuracy of the methods of this paper relative to those of [5] are 
true in general. It should be remembered that, for a given n, the ep) (and, if several eigenvalues 
Table 2 
The values of kg9’ (x) for several values of k, in several mesh points x = ph and for q(x) = eX; the numbers with a 
*-sign are purely imaginary 
P k=l k=5 k=lO k=15 k = 20 
1 2.799 5.735 10.317 15.202 20.149 
5 2.448 5.509 10.302 15.156 20.139 
9 2.204 5.654 10.279 15.172 20.125 
13 1.374 5.231 10.248 15.056 20.106 
15 2.538 * 6.202 10.092 15.115 20.095 
19 3.321 5.259 9.973 15.132 20.064 
23 2.570 6.020 9.806 15.006 20.023 
27 1.674 4.796 9.589 15.041 19.966 
31 3.103 * 6.223 9.337 14.806 19.888 
35 12.322 4.223 9.067 14.906 19.784 
37 57.765 3.746 * 9.734 14.153 19.719 
39 8.608 * 6.239 8.783 14.460 19.644 
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Table 3 
Errors obtained in several iteration steps for S(X) =1/x2 for n = 7, 15, 31 and 63; the symbol i gives the number of 
times we have applied the kp determination; the i = 0 value corresponds with the classical Numerov method 
k i n=7 n=15 n = 31 n = 63 
1 0 -4.816.10-3 - 2.966.10P4 -1.845.10-5 -1.152.10-6 
1 2.097.10P4 3.952.10F6 7.058.10-’ 1.043.10-9 
2 2.136.10-4 3.963.10-6 7.055.10-s 1.043.10-9 
2 0 6.010.10-3 1.416.10P3 1.019.10-4 6.566.10m6 
1 1.620.10-2 3.615.10-4 4.815.10-6 8.454.10-’ 
2 1.606.10-2 3.588.10P4 4.804.10-6 8.454.10-8 
3 0 6.48O.lOK’ 5.897.10-2 3.822.10-3 2.405.10-4 
1 1.069.10-’ 3.364.10F3 5.473.10P5 9.511.10-’ 
2 8.853.10-2 3.071. lo- 3 5.339.10-5 9.464.10-’ 
4 0 3.640.10’ 4.205.10-’ 2.680.10-2 1.678.10-3 
1 -4.810.10-t 2.373.10-2 3.190.10-4 5.373.10P6 
2 -6.373.10-l 1.001+10-2 3.409.10-4 5.291.10-6 
6 0 5.631.10’ 3.529.1OK’ 2.182.10-2 
1 3.362.10-l 4.620.10-3 5.901.10~5 
2 1.129.10-r 3.232.10-3 5.353.10-S 
8 0 2.113.10’ 1.285.10P1 
1 4.096.10-2 4.274.10-4 
2 1.973.10-2 3.427.10-4 
10 0 8.467.10’ 5.029.10-t 
1 3.088.10-’ 2.045.10-3 
2 6.639.10-2 1.200.10-3 
are required, even the Zp’) are considerably more expensive to compute than the a$‘). On the 
question of which method gives the greatest accuracy for a fixed computational cost, the methods 
of this paper may be better for computing a small number of higher eigenvalues even if they turn 
out not to be able to match the efficiency of the method of [5] for computing a large number of 
eigenvalues. 
4. Numerical experiments for problems of the type (1.6) 
To illustrate our method for problems of the type (1.6) we can start with the simplest example, 
i.e., s(x) = 1 and y(0) = y(l) = 0; then the eigenvalues are given by X, = (n~)~, n = 1, 2,. . . , 
while the corresponding eigenvectors are sin(nTx). It is clear that in that situation one finds by 
minimizing (2.7) over the whole interval [0, l] a constant k,2-value, i.e., k,2 = X. Starting the 
eigenvalue determination from the classical Numerov method and following the algorithm 
described in Section 2 one obtains numerical eigenvalues which are as accurate as the machine 
floating-point accuracy. As a second example we take s(x) = 1/x2, with y(l) = y(e) = 0 for 
which the exact eigenvalues are X, = ( n~Tr)~ + $, while the corresponding eigenvectors are given 
by 6 sin(nT In x). In Table 3 we give X, - _Ep’ for n = 7, 15, 31 and 63, obtained with the 
classical Numerov method (iteration i = 0) and after applying the k determination method once 
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(i = 1) or twice (i = 2) successively. It is clear that our method delivers the most exact results 
event for higher lying eigenvalues. It is worthwhile to mention that the calculated k,-values are 
varying over the entire interval, while real as well as pure imaginary values have been obtained. 
Let us also mention for comparison that Chawla and Katti [7] report with their fourth-order 
method for n = 7, 15, 31, 63, respectively for the first eigenvalue the errors, 1.5 - 10P3, 7.1. 10m5, 
4.0. 10e6 and 2.4 - lo-‘. These data are more accurate than the Numerov ones but not as good 
as our results. As a third example we choose s(x) = (3 + cos x) with y( f T) = 0. Collatz [8] has 
shown that (1.6) with that s-function can be interpreted as a buckling problem for a bar of 
variable bending stiffness. He has determined the lowest eigenvalue by means of an extended 
version of the inclusion theorem. He finds that Xi = 0.071250472 f 0.000000008 and that the 
corresponding eigenvector can be approximated by 
y = cos( ix) + 0.017 497 33 cos(:x) + 0.00010327 cos(:x) + 0.00000030 cos(:x). 
(4.1) 
By our method, starting from the classical Numerov method for n = 19 we find after one kp 
determination a Zvalue of 0.071250 472 673, confirming Collatz’s result. The resulting %,-values 
are varying over the interval and are in all but two considered points real. 
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